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Abstract—The growth of capillary ripples on a thin liquid film flowing concurrently with a high velocity
gas flow is explored. In particular, a mechanism is examined whereby the ripples receive their energy from
pressures and shear stresses exerted at the wave surface by the gas. The predicted wavelength of the most
rapidly growing wave is found to be affected by system variables in the same manner as the measured
distance between ripple crests. However, the magnitude of the predicted wavelength is one-half the
observed wavelength. This could be explained by arguing that finite-amplitude two-dimensional waves are
unstable to three-dimensional disturbances which cause alternate peaks and valleys along the crest of the
original two-dimensional wave pattern.
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1. INTRODUCTION

The wave structure at the interface of a high velocity (>20 m/s) turbulent gas flow and a liquid
film flowing along a solid boundary has received considerable attention because of its importance
in understanding interfacial stresses in annular flows (Hewitt & Hall-Taylor 1970; Asali et al. 1985;
Hanratty 1991).

At low liquid flow rates, the film is covered by long-crested slow moving ““ripples” having a steep
front and a low ratio of the amplitude (10-20 um) to the wavelength (2-3 mm). Between the ripples
the surface is smooth and the flow appears laminar. At sufficiently high liquid flow rates
“disturbance” or “roll waves” appear on the film. These have a much larger velocity than the
ripples and a very large spacing between successive waves. For flow in a small-diameter pipe the
roll waves appear as frothy rings which cover the whole pipe circumference, and the distance
between successive waves is several pipe diameters.

In this paper an analysis of the ripple waves is presented. The goals are to identify the physical
processes responsible for their appearance and to predict the characteristic distance between them.
This length scale is of considerable importance in characterizing interfacial stress in vertical
gas-liquid annular flows. For example, Andritsos & Hanratty (1987) and Bontozoglou & Hanratty
(1989) have argued that in separated flows the ratio of the interfacial drag to that for a smooth
surface should scale with Ai/A, where Ah is the wave height and A is the wavelength. Relations
for Ah and A are needed to test this idea.

The approach taken is to solve the linear momentum equations to determine the growth rate
of small-amplitude two-dimensional wavelike disturbances at the interface. It is argued that the
fastest growing wave is the precursor of the ripples (see Taylor 1963). In carrying out the analysis
it is convenient to consider separately the gas and liquid flows. In this framework the gas flow is
found to affect the stability of the liquid film through the imposition of pressure and shear forces
at the interface. The prediction of the pressure and shear stress variation along a wavy surface over
which a turbulent gas is flowing then becomes the central problem in analyzing the growth of
small-amplitude disturbances.

The thicknesses of the films on which these ripple waves occur are quite small. For example, at
a liquid Reynolds number of 36 and a gas Reynolds number of 78,000, a water film on the wall
of a 4.2 cm pipe would have a height of 147 ym. This dictates that the analysis consider wavelengths
which are large enough for a shallow-liquid assumption to be made, yet small enough that surface
tension effects are important.

It is found that the initial growth of such waves is governed by an imbalance between the
destabilizing effects of inertia, the component of the surface shear stress in phase with the wave
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slope, the component of the surface pressure in phase with the wave height, and the stabilizing effect
of surface tension. These waves, then, seem to fit in the *“‘slow wave” category first discussed by
Craik (1966). However, because Craik was concentrating on horizontal flows at much lower gas
velocities, the waves being considered in this paper have important differences.

For the conditions at which Craik observed the initiation of “slow waves,” stability theory
indicates stabilization by both gravity and surface tension and a negligible destabilizing effect of
inertia. By carrying out calculations for neutral stability, critical conditions for the appearance of
waves are obtained. Instability occurs for arbitrarily thin liquid layers and a critical film height
exists, above which the system is stable (as was found by Craik). When calculations are carried
out at low gas velocities the results on the critical film height do not agree with the laboratory
observations of slow waves by Craik. It, therefore, appears that the stability theory developed by
Craik is more applicable to the capillary ripples discussed in this paper than to the *“‘slow waves”
discovered by him.

A number of previous authors have described the properties of ripple waves (Wiirz 1977,
Taylor 1963; Shearer & Nedderman 1965). However, the only systematic results on the influence
of flow variables on the wavelength have been given by Wiirz (1977) in his study of a water film
flowing along the bottom wall of a horizontal rectangular 25 x 60 mm channel through which air
at velocities of 68.1, 118.9 and 173.8 m/s was flowing. The results of the analysis are compared with
these measurements of Wiirz (1977) as well as with measurements by Asali (1984) for the concurrent
flow of liquid films, with viscosities of 1.1 and 2.0 cP, and air, with velocities of 28.9, 40.9, 48.2
and 56.1 m/s up a 4.2 cm tube.

A principal finding in this paper is that the ripple waves are primarily associated with
wave-induced gas-phase shear stress variations. We conclude that nonlinear processes cause
two-dimensional unstable waves to develop into a three-dimensional wave pattern with a distance
between crests equal to twice the wavelength of the initial instability, since ripple spacings
calculated in this way are very close to measurements. It is found that the ratio of the ripple spacing
to the height of the wall film is a function of three dimensionless groups: the liquid film Reynolds
number, (u p&?/ucpl™) and (o /v¥&ug). The results are probably too complicated to use directly,
so their main value will be in guiding the development of empirical relations.

Details on the analysis and on the experiments may be found in a thesis by one of the authors
(Asali 1984). The method of analysis is also outlined in a review article (Hanratty 1983) in which
a mechanism is proposed for the generation of capillary ripples on thin films. This paper gives
a much more detailed account of the evidence supporting this proposition. Attention is called to
recent papers by Jurman & McCready (1989) and by Jurman ef al. (1989) which expand on the
analyses of thin films presented by Hanratty (1983).

2. ANALYSIS
(a) Equation for the complex wave velocity
A disturbance of the form
h’=aexpia(x — Ct) 1

is imposed on the interface of the fully developed gas-liquid flow depicted in figure 1. Here 4’ is
the displacement of the interface from its time-averaged location, x is the distance in the direction
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Figure 1. System being analyzed.
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of flow and ¢ is the time. The amplitude of the disturbance, a, and the wavenumber, a = 2x/4, are
real positive quantities. The wave velocity, C, is complex,

C= CR + iCl, [2]

and the most rapidly growing wave is the one for which aC; is a maximum.
The velocity in the liquid film, u(y), varies from zero at the wall, y =0, to a maximum at the
interface, y = h. An average velocity and a shape factor are defined as

uﬁ;fudy K

and

1 h
r=— 2dy. 4

The interfacial wave is accompanied by two-dimensional disturbances in the fully developed
velocity fields, in the gas-phase pressure and shear stress at the interface and in the shear stress
at the wall.

The amplitude of the wave is assumed small enough that it induces a linear response in the
velocity and stress fields, so that the disturbances can be represented as
WPyt .

= = == — = g exp ia(x — Ct). 5
ST PR TiL 4 p fo( ) (5]
The amplitudes ad,, al, atg, aPs and afy, are complex. Thus, if only the real parts of [1] and [5]
are considered,

=)l=

h’ = a exp(aC,t)cos a(x — Cgt), [6]

P =a exp(aC,t)[Psg cos a(x — Cxt) — Pg; sin a(x — Cgt)] M
and

15 =a exp(aC,t)[fsr cos a(x — Cgt) — £ sin a(x — Cgt)]. (8]

The amplitudes aPgg and afg, are the components of P§ and 7§ in phase with the wave amplitude;
the amplitudes aPg, and afy, are the components in phase with the wave slope.

An equation for C, in terms of #,, I, Ps, %5 and 7y, is obtained from a consideration of integral
forms of the mass and momentum balance equations for the film. These balance equations are
simplified by making a shallow-water assumption, whereby the pressure in the liquid is given as

. o%h
P=Pst+g(h—y)psinf —o 5=, ]

where ¢ is the surface tension, g is the acceleration of gravity, p; is the liquid density and B is the
inclination of the channel.

The accuracy of [9] depends on an assumption similar to that made in boundary-layer theory
since wavelength, A, and film height, %, characterize spatial variations in the x- and y-directions.
By applying such scaling to the Navier-Stokes equations, it is found (as in boundary-layer theory)
that the ratio of the inertia terms in the y-momentum equation to the inertia terms in the
x-momentum equation is of the order (ak). Furthermore, the ratio of the viscous terms to the
inertia terms in the y-momentum equation is of the order («hRe, )~', where Re, is the film Reynolds
number defined as (hi,)/v, . Equation [9] is then obtained by integrating the y-momentum equation,
assuming aARe, is of order unity or greater and that terms of order (a%)’ can be neglected. A formal
derivation of this result can be found in the paper by Alekseenko et al. (1985), which also presents
a justification for using integral methods to calculate waves on thin liquid films.

The following equation for the complex wave velocity is obtained by Hanratty (1983) after
linearizing these integral balance equations and substituting [S]):

- A g - - ‘ 2
C 4+ @l —24,TC —Fatf =i 5 ;¥ —iﬁ’S—"—W)+h§§+gnsmﬂ +°‘—pf’f.
L L

[10]
pLe  pLa ahp
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The quantities on the left-hand side of [10] represent the inertia terms. For a plug flow in the film
(T'=1and I" = 0) they are equal to (&, — C)* and, consequently, always destabilizing. For i, = C
the effects of inertia vanish for a plug flow. They also vanish for C = 2iz, and T = 4/3. However,
in general, inertia can be stabilizing or destabilizing.

The real and imaginary parts of [10] yield two equations defining Cy and C;:

_ - . £ 3 174 . Zoh
Ol C— 2T, Co+ T2 — it Fg= ——2 4 T TSR oRsing + 22 [11]
Lo prLa pro L
and
, I .
R, +2C,(Ca —Tit,) = 32 _fwm_ (s~ Tw) | ahPy [12]
oapL  APL ahp, prLa
with
L—tw_dP cosf=p [13]
=gy g s B =P

Since Tyy is strongly related to Cy, [12] may be viewed as defining Cy under neutral stability
conditions (C, = 0). This velocity is the kinematic wave velocity defined by Lighthill & Whitman
(1955). In this context, [11] then defines the dynamic conditions necessary for neutral stability.

It is to be noted in [11] and [12] that as o/ becomes smaller, for a fixed gas velocity, fsz and
5, become more important relative to Pgz and Pg,. The reason for this, as pointed out by Cohen
& Hanratty (1965), is that P and 7, respectively, feed energy into the film through normal velocity
fluctuations and tangential velocity fluctuations. As «k—0 the ratio of the normal to the tangential
velocity fluctuations in the film also approaches zero.

In order to use [11] and [12] to calculate the fastest growing wave it is necessary to develop
relations for #g, P, ¥y and I

(b) Evaluation of Pg and 1

The complex amplitudes af; and aP are determined from a solution of the linearized
momentum equations for the gas. The gas streamlines are compressed in the crest region and are
expanded in the trough region. Thus, according to the Bernoulli equation, one expects Pgg to be
negative and destabilizing; i.e. it will supply a suction at the crest. Similarly, because of the
compression of the streamlines at the crest, sz will be positive. Calculations by Benjamin (1959)
indicate that the maximum in the shear stress occurs upstream of the crest, g = plus value, and
that the minimum pressure occurs downstream of the crest, Py = plus value. As depicted in
figure 2, a positive £, would be destabilizing. For a wave propagating in the positive x-direction,
a positive Py, is destabilizing in that it is accompanied by a transmission of energy from the gas
phase to the disturbance in the liquid.

Most of the theoretical analyses of interfacial instabilities have used the solution by Benjamin
(1959), which neglects the effect of turbulence on the wave-induced flow, to predict Pg and 7.
Benjamin formulated the linear momentum equations for the gas flow in a curvilinear coordinate
system which conforms to a small-amplitude sinusoidal wave at the gas-liquid interface. However,

1?5] =+ Destabilizing
S———— N—
P == ‘ Destabilizing
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Figure 2. Influence of surface stresses on stability.
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the nonhomogeneous terms in the momentum equations introduced because of the use of
curvilinear coordinates were neglected, so that the expressions derived for 75 and A are the same
as would be obtained if the problem were formulated in a cartesian coordinate system. Thorsness
et al. (1978) have examined possible errors caused by the neglect of turbulence effects and by the
use of a Cartesian coordinate system. It was found that these assumptions are valid only for large
values of the dimensionless wavenumber ad = vga/v¥, where vg is the kinematic viscosity of the
gas and v = (i5/pg)'" is the gas-phase friction velocity. In the range of a$ of interest in the present
analysis, considerable errors can be made in evaluating 7z and 7, using the results presented by
Benjamin (1959).

The calculations in this paper use a slight modification of the Model D explored by Thorsness
et al. (1978). This approach is the relaxation analysis of Abrams & Hanratty (1984) or Model D*
in Abrams (1984). It uses a boundary-layer coordinate system embedded in the wave surface and
a modification of the van Driest mixing length model outlined by Loyd et al. (1970).

Values of the amplitude and the phase angle characterizing the calculated variation of 15 and
Pg, given as the solid lines in figures 3 and 4, agree with measurements of 1 along a solid wavy
surface for a% =4 x 107* to 1072 The amplitude is defined as

|fs] = (5 + T5)"7, (14]

with
Tor = | 15| cOs @, [15]

and
fg = | 5] sin 6,. [16]

The dashed curves in figures 3 and 4 were calculated using a cartesian coordinate system and a
quasi laminar assumption (the Benjamin solution in a cartesian coordinate system). Since the wave
velocities are so small these results for solid waves are used to evaluate %5 and P appearing in [10].
It is encouraging that Jurman ez al. (1989) obtained good agreement with experiments when they
used Abram’s analysis for the gas phase in their studies of waves on liquid films.

(¢) Evaluation of t,, and I

For disturbances of very long wavelengths («% small) the change of height of the liquid with
distance is gradual enough that the shape of the velocity profile can be closely approximated by
that which would exist for a flow without a disturbance. Therefore, 7y and I’ are evaluated by
assuming the relationships of 1y and I' with u, and 4 are the same as would be determined for
an undisturbed flow. Furthermore, the film, on which the ripple waves appear, may be considered
laminar. Details regarding these calculations are presented by Hanratty (1983).
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Figure 3. Wave-induced variation of the surface shear stress.  Figure 4. Wave-induced variation of the surface pressure.



234 J. C. ASAL! and T. J. HANRATTY

(d) Relations for wave growth

For gas flows over very thin films at high gas velocities a number of simplifications in the analysis
can be made. Since the flow is laminar the average velocity at the interface, i, is equal to 2u,,
fs = Ty = 2u, gy /h. This means that 7g/pii? = 2/Re, . Furthermore, from [13] it is seen that for fully
developed horizontal flow the group P = PR/u, u, may be approximated as 2(fs — Ty )/iw so that
P = —2k/H, where H is the half height of the gas space. The same estimate can be applied to
vertical pipes where P = dP/dx. For the high velocity gas flows considered in this paper 2k/H is
of the order 1.5 x 1073, As a consequence, the term (75 — 7y )/akp, in [12] and terms containing
P in the estimates of T, ¥y and I can be neglected.

The following approximations can, therefore, be made for small ok (see Hanratty 1983):

ht_w:.?f(g_z) 171'15' [17]
s 2\i, 2 g
For small ok and small h/H,
L1 45¢\ _ih . 4
B = 270(90—u—a> 3?5, r=s. [18]

If [17] and [18] are substituted into {11] and [12], the following relations for Cy and C, are obtained:
CR[ +2 Re, (aF) ] [1 42 Rey (o) —] +( F)[ R4z ( ﬁ)——— —( ah)Re; ’5‘] [19]
i, 12 afs 3 Ts aTg

and

HRGEGERES
a, u, 2\ 4, Ts
S [3 B _ o) ”—@smﬁ—("‘mz”]ﬁu 2 G

Re, Re, (ak) i,

where Re; = hu, /v, is the liquid film Reynolds number. (Equations [19] and [20] are obtained from
[5.3] and [5.4] in Hanratty (1983) if P =0 and 7, = pi2 are substituted.)

Equations [19] and [20] can be further simplified if terms multiplied by (a}) and (ah)Re, can be
ignored. The following results are obtained:

Cr

[20)

2 i afs  Ts ish

—=2 [21]
ua
and
-2[3 ¢ b2 h 2 3
0=-—[—1Sl-(ah)—s~“—“g sin g — &0 "]+ S [22)
ReL 2 afs aT—s T-s fsﬁ ReLaﬁ ﬁa
It is to be noted in this case that the inertia terms vanish. They are neither stabilizing nor
destabilizing.

This simplification can lead to error for high velocity gas flows, the case being considered in this
paper. Under these circumstances, one can have a large Re; even though the film is very thin. From
figures 3 and 4 the following estimates can be made in the range of a¢ of interest to this problem:

’ﬂ;ﬁy 533:—78 if‘; +45. (23]
afs  ofg oty oty
The film thickness is of the order of 10~° cm, the wavelength 10~' cm and (ah) = 0.06. Therefore,
terms involving £ and Ps, could be of equal importance in [20] and g is slightly more important
than Pg in [19]. From [23] it is estimated that

o R~ 0.4 [24]
afs
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This indicates that, unless ahRe, is a large number, Cy /i, is slightly larger than 2. Because of this,

- 2 -

in [20], under most circumstances, are greater than zero. This can be an important destabilizing
effect.

For a vertical flow the gravity term in [20] is identically zero so that surface tension is the only
stabilizing influence. For the range of conditions covered in the experiments of Wiirz (1977) in a
horizontal channel, it is also found that the surface tension term is far more important than gravity.

Therefore, the picture that emerges from a consideration of [19] and [20] is as follows, Wave
growth (C, = plus value) is governed by the imbalance between the destabilizing effects of inertia,
%5 and P, and the stabilizing effect of surface tension. Inertia is usually destabilizing because #g
and By cause the wave velocity, as defined by [19], to be greater than the velocity of the liquid
at the interface. The terms involving 7, f5;, Pgg and Pg, are functions of ag = (af)/(h¢). For thin
laminar films, h¢ = 1.414Rel’ (u p i /ug pt). Therefore, [19] and [20] indicate that

Cy 4 ppd

R~ 1| o, ,Re,, 2

i, f'<a vE g o Hopt? 23
and

G g ppd’

=1 o, ,Rey, . 26

i, f’(a vEha’ " gl 28]

3. MEASUREMENTS OF WAVELENGTHS

Measurements of wavelengths of capillary ripples observed on thin liquid layers at high gas
velocities were made in a facility built by Asali (1984) and described by Asali et al. (1985). Air and
liquid flowed vertically up a 4.2 cm plexiglass tube that is 9 m long and has dia = 4.2 cm. Water
(1.1 ¢cP) or a water—glycerine solution (2.0 cP) were introduced into the pipeline through a slot
which admitted the liquid as an annular film along the wall at a small enough rate that no liquid
was entrained in the gas. The pipe emptied into a 15.2 cm dia cylindrical manifold, 1.72 m long,
which was connected to a separator to remove liquid from the air that discharges into the
laboratory. The liquid was recirculated through a shell and tube heat exchanger to control the
temperature.

The pressure drop was measured by using two liquid-filled manometers. Each had one side
connected to a pressure tap in the test section and the other to a pressure tap in the separator.
The pressure drop is calculated as the difference between the readings of these two manometers.
The gauge pressure was measured by using another manometer with one side connected to the top
in the separator and the other open to the atmosphere. A small continuous liquid purge was used
to prevent air bubbles from entering the leads to the pressure taps.

Average liquid film thicknesses, &, were determined by measuring the conductance between two
electrodes mounted flush with the pipe wall. Details regarding these measurements are given by
Asali et al. (1985).

The average stress at the interface, 75, was calculated, from the measurements of the pressure
gradient and the film height, with the equation

d —2h ) dP
T =] ————— § —— 2
Ts ( 4 dx ’ [ 7]
where d, is the tube diameter.

The ripples appearing on the liquid could be seen through the transparent pipe wall. They
were photographed on 35 mm film and magnified approx. 17 times using a slide projector. Typical
photographs of the waves are shown in figure 5 for a water film and in figure 6 for a liquid film
with a viscosity of 2.0 cP. The spacing between ripples in the central portion, where there was little
distortion because of the pipe curvature, were measured with a meter stick. An arithmetic mean
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b =1.1cP
pL=1 g/cm’

Reg = 168,000

Re; = 21.91 Re; = 35.60 Re; = 51.35

5.08 cm | Flow
| 1

Figure 5. Ripple waves on a water film.

of the separation distance of these ripples for a fixed liquid and gas flow rate was then reported
as the wavelength.

Measurements of the wavelengths, obtained in this way are summarized in tables 1 and 2 and
in figures 7 and 8, where the curves are best fits of the data.

= 1.056 2
Reg = 168,000 PL gl

ReL = 24.33

5.08 cm

Figure 6. Ripple waves on a liquid film with a viscosity of 2.0 cP.
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Figure 7. Measured average spacing between ripples for a  Figure 8. Measured average spacing between ripples for a
water film with a viscosity of 1.1 cP. liquid film with a viscosity of 2.0 cP.

Wiirz (1977) obtained similar measurements for air-water flow in a horizontal rectangular
enclosed channel that was 2.54 cm high. Some of his results are summarized in table 3.

4. RESULTS

(a) Numerical calculations

Typical values of (ah)Re, (C,/i,) calculated from [19] and [20] are shown in figure 9 for a fixed
value of (u pl?)/(ugpi?) and o /(v&ug). From such a plot, values of (k) corresponding to the
maximum wave growth can be calculated.

Figures 10 and 11 present values of (ah),,, for fixed values of (u. pi*)/(ugpl?) corresponding
to the water and the water—glycerine solutions that were studied (see tables 1 and 2). Figures 12

Table 1. Ripple wave data obtained for air-water flows in a 4.2cm vertical pipe
(oL =0.99 g/cm® and g, = 1.1 cP)

] Pe 4 observed 24 predicted

Reg . Reg (cm) (g/em’) (cm) (cm)
168,000 2191 50x 1073 1.32 x 1073 0.174 0.17
35.6 6.0x 1073 0.188 0.19

51.35 7.2 x 10732 0.176 0.22

140,000 2191 6.5x 103 1.28 x 1073 0.257 0.23
35.6 8.0 x 1073 0.233 0.27

51.35 92x 103 0.252 0.30

115,000 14.72 6.0 x 1073 1.24 x 103 0.28 0.25
2191 7.9 %1073 0.292 0.30

35.6 9.7 x 103 0.318 0.35

51.35 11.6 x 103 0.309 0.40

78,100 14.72 10.5 x 1073 1.19 x 103 0.509 0.50
21.91 11.87 x 1073 0.465 0.52

35.6 1473 x 1073 0.518 0.59

Table 2. Ripple wave data obtained for air—glycerine solution in a 4.2 cm pipe (p, = 1.056 g/cm® and u; =2.0cP)

h Pc A observed 24 predicted
Reg Re, (cm) (g/cm’) (cm) AR (cm) ok (ah)Re,

168,000 13.75 6.3 x 103 1.32 x 10-3 0.221 35 0.17 0.18 25

24.33 8.3x 1073 0.227 27 0.20

349 10.0 x 10-3 0.239 24 0.24 0.26 9.1
139,000 9.17 6.2 x 103 1.27 x 1073 0.252 40.1 0.19 0.16 1.4

23.27 9.4 x 10-? 0.286 304 0.24

37.35 129 x 1073 0.302 23 0.34 0.27 10.2
116,000 9.9 7.6 x 103 1.20 x 103 0.345 45 0.25 0.14 14

24.12 11.0 x 1073 0.343 31 0.31

32.78 128 x 1073 0.344 27 0.36 0.23 7.6
78,000 9.9 12.7 x 10-3 1.19 x 1073 0.524 41 0.40 0.15 1.5

17.53 15.6 x 10-3 0.516 33 0.54

25.15 18.4 x 103 0.547 30 0.56 0.21 53
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Table 3. Ripple wave data obtained by Wiirz (1977) for
air-water in a 2.54 cm horizontal channel (p, = 1.0 g/cm®
and pg = 1.25 x 1073 gfem?)

13 Yy, 4 observed 24 predicted

Re, (cm) (cP) (cm) (cm)
8.2 39%x 1073 1.05 0.145 0.145
17 5.8 x 1073 0.165 0.165
27 7.4 x 1073 0.177 0.185
56 109 x 103 0.175 0.258
9.1 2.8 x 1073 1.20 0.085 0.079
19 4.1 %1073 0.096 0.084
30 53 x 107! 0.091 0.084
40 6.2 x 1073 0.09 0.114
45 1.5% 1073 1.27 0.06 0.043
11 2.3 %1073 0.062 0.046
20 31 x1073 6.058 0.057
35 42 x107° 0.056 0.068

and 13 present calculated values of (Cy/i7,) at (¢h),.,. It noted that except for the largest Re;,
(Cr/,) is greater than 2 and independent of surface tension. This is consistent with the physical
picture that the waves are kinematic, rather than dynamic.

(b) Comparison of theory with measurements

A comparison of the calculated values of 4, and the measured 4 is given in figure 14 and in
tables 1 and 2. It is noted that the measured /A are twice the calculated A for the maximum growth
of two-dimensional waves.

The calculations shown in figures 9-13 used the assumption of a steady laminar flow to
develop the relationship between the film flow rate and the film height given before [25]. It is
assumed that this relation still holds locally for films with waves then the time-averaged height
is given as

s__h mpd
v _ "t 0.5
hg = gy 1 415Rel [ﬂc : [28]
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Figure 9. Typical examples of values of calculated growth rates of disturbances.
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Measurements by Asali et al. (1985) for the thin films that exist in annular flow give

1/2

hg = 0.781Re2~6<“ LP ?/2) [29]
HopL

If this value of the film height were used in the calculations the spread of the data points around

the relation 24 predicted =41 observed is less than is shown in figure 14.

(c) Comparison of stability theory with “slow” waves observed by Craik (1966)

At low gas velocities, [19] and [20] predict a critical film height in a horizontal channel above
which the film is stable, as shown in figure 15. This type of behavior was predicted by Craik (1966).
The chief difference in the calculated results presented in figure 15 and the results presented by
Craik is that more accurate values of 75 and P are used.

Also shown in figure 15 are experimental observations by Craik of the critical film heights below
which a long-wavelength disturbance appeared on the film.

Craik (1966) reported results for a 2.54 cm channel, in which the ratio of the wavelength to the
height of the channel was approx. 0.7 and for a 15.24 cm channel. Only the results for the 2.54 cm
test section are compared to the calculations because the experiments on which the estimates of
fs are based were done with a wavelength to channel height ratio of 1. The gas velocity plotted
in figure 15 is the bulk velocity. The centerline velocity reported in figure 5 of Craik’s paper was
multiplied by a factor, which varied between 0.71 and 0.78, to obtain Ug.

Craik (1966) used the quasi-laminar model of Benjamin to estimate 75 and predicted a transition
at much smaller liquid heights for the 2.54 cm channel (see figure 11 of his paper) than was
observed. The calculations presented in figure 15, using a more realistic model for 7, also give film
heights which are too small. It is concluded that stability theory, as formulated in [19] and [20]
and by Craik, does not predict the observed critical conditions for a 2.54 cm channel.

A comparison of figures 16 and 7 shows that the “slow waves™ occur at very different conditions,
Ug=450cm/s and h=0.02 to 0.06 cm, than used in the experiments discussed in this paper,
Ug = 4500 cm/s and % = 0.005 to 0.0015 cm. This would suggest that the “slow waves” might not
be the same as the capillary ripples.

5. DISCUSSION

(a) Measurements of wavelengths

The range of wavelengths shown in tables 1-3 reveals that the waves are capillary waves
and are not affected by gravity. The values of ok are given as 0.13-0.26 in tables 1 and 2 and as
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(a) Ideal ripples (b) Observed ripples

Figure 16. Postulated growth of infinitesimal two-dimensional ripples into a finite-amplitude three-
dimensional wave pattern.
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0.16-0.47 in table 3. This supports the development of an integral momentum balance based on
a shallow-liquid assumption, [9], that ignores terms of O(ah)>. The range of A/ is 24~28 in tables
1 and 2 and 13-40 in table 3; this supports the use of a pseudo-steady-state approximation to
evaluate the wave-induced variations of 7y and I'.

The range of («¢h)Re; is 1.4-13.4 in tables 1 and 2 and 1.4-22 in table 3. These are large enough
to insure that [9] is accurate to O(ah)?. Furthermore, it is noted that any simplification of [19] and
[20] by assuming (o%)Re, is a small number would not be justified. Further discussion of the range
of applicability of boundary-layer approximation may be found in the paper by Jurman &
McCready (1989).

(b) Stability analysis

The stability analysis is not exact in that it only satisfies integral momentum and mass
balances. It is justified provided (ak)? is small compared to unity, that /& is large enough that the
wave-induced variations of 7w and I' are approximated by a pseudo-steady-state approximation,
that ahiRe, is order unity and that i/H is small enough that P = 0. The results are not absolutely
correct because the pseudo-steady-state calculation is not exact.

It is, therefore, of interest to compare dispersion relation [10] with the one derived by Craik
(1966). Craik used a series method valid for (¢h)’ < 1, ahRe, < O(1) and ahRe, | C | < O(1). His [6.5]
is reproduced below:

9(_5— 1)2+z<_£ - 1) + 3,-[0(5@]'1(_9_ 1)[1 +—(a75)2]
5\ 8\ 173 g

% hP, h 3
o“’+2‘°'+g 1ﬂ+ s [30]
p s UspL vH 2’ pLau§

Here i is the liquid velocity at the interface and all terms are dimensional.
If [17] and [18] are substituted into [10], the following result is obtained from the momentum
integral analyses presented in this paper, if 7 is set equal to ud/h:

(i) LT 6
it 4\ g VL Ug

a’ch hPs gh . RE 3 %
AL RS B+_~2—§+—z 5B
pLil HipL U3 dsp. 2 pLoid

The conditions for the derivation of this equation are (ah) < 1, ahRe, > O(1). Both [30] and [31)
are obtained assuming 7s/Tw =1 or P~ 0.

It is noted that if the term containing («h)? is ignored, [30] and [31] are the same except for small
differences in the coefficients multiplying the inertia terms. This is surprising since different
restrictions on ahRe, are made. The tentative conclusion is that [6.5] of Craik’s (1966) paper can
be used for large ahRe,, but that is then only accurate to O(ah).

(c) Interpretation of capillary ripples

The stability analysis presents a physical interpretation of the capillary ripples observed at high
gas velocities that is essentially the same as Craik’s (1966) interpretation of the “slow waves” he
observed at low gas velocities. The waves evolve from two-dimensional waves that originate from
the growth of small disturbances on the liquid film. The growth results from an imbalance between
the stabilizing effect of surface tension and the destabilizing effects of inertia, interfacial shear
stresses in phase with the wave slope () and induced interfacial pressures in phase with the wave
height (P ). The final stationary waves that evolve will receive energy from the air flow through
shear stress variations in phase with the wave height (7sz) and pressure variations in phase with
the wave slope (Pg;). These waves differ from those observed on thicker layers where wave-induced
shear stress variations do not play an important role.

It is argued that the observed distance between wave peaks should be close to the
calculated wavelength of maximum growth. The comparison of the calculated 24, with observed
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wavelengths in tables 1-3 indicates that the theory correctly predicts the observed trends in the
measurements.

The fact that there is not an exact agreement between the predicted and measured wavelengths
should not be surprising because the observed waves, although broad-crested, are not two-
dimensional. However, the result that the measurement is equal to twice the prediction is of interest.
A possible explanation is that the ripples evolve from a two-dimensional wave with a wavelength
equal to the fastest growing wave predicted by linear theory. As these waves grow in amplitude
they become unstable to a spanwise disturbance, as shown in figure 16. According to this picture
the two-dimensional waves are altered in such a way that the crests break into a group of isolated
long-crested three-dimensional waves. Such an instability has been explored by McLean et al.
(1981) for gravity waves on deep fluids. They found that when the steepness ratio of a
two-dimensional wave reaches a value of 0.13 a transition to a three-dimensional wave pattern,
with a wavelength in the x-direction twice that of the original wave, is possible.
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